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Abstract 

In this article we first establish a complete characterization of Hardy's inequalities in M™ in- 
volving distances to different codimension subspaces. In particular the corresponding potentials 
have strong interior singularities. We then provide necessary and sufficient conditions for the 
validity of Hardy-Sobolev-Maz'ya inequalities with optimal Sobolev terms. 
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1 Introduction 

For n > 3 we write W 1 = M fc x W l ~ k , with 1 < k < n. We also introduce the codimension k affine 
subspace 

S k := {x = (xi, . . . x k , . . . x n ) £ R n : x\ = . . . = x k = 0}. 
The Euclidean distance of a point x € from S k is then given by 

d(x) = d(x,Sk) = |X k |, where X k := (x 1 , . . . , x k , 0, . . . , 0). 
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The classical Hardy inequality in W 1 when distance is taken from S k , reads 

/ \Vu\ 2 dx>(^-) 2 [ j^dx, ueC%°(R n \S k ), (1.1) 

JR n V 1 J JR" l-A-kl 

(k— 2*) 2 

where the constant - — is the optimal one. This result has been improved and generalized in 
many different ways, see for example [D El El El HOl HH [13 HH [13 HH1 [20l EH [28] and references 
therein. 

On the other hand the standard Sobolev inequality with critical exponent states that 

( n-2 
/ \u\^dx) " , ue^l"), 
it™ / 

/r(-)\ 2 / n 

where S n = 7rn(n — 2) ( w^yj is the best Sobolev constant, see [25]. For versions of Sobolev 

inequalities involving subcritical exponents and weights see e.g. [4"1 \7\ [T2]. 

Maz'ya, in his book, combined both inequalities when 1 < k < n — 1, establishing that for any 

ueC$°(R n \S k ) 

[ \Vufdx > ( £z*V / T^dx + c k , Q ([ \X k \^-Q H Q dx Y , (1.2) 

JR™ \ Z / Jl" l^-k| \7R™ / 

for 2 < Q < 2* = ^r^; cf. [22], Section 2.1.6/3. Concerning the best constant c kt Q, it was shown 
in [26] that 2* < S n for 3 < /c < n — 1, n > 4 or fc = 1 and n > 4. Surprisingly, in the case 
= 1 and n = 3 Benguria Frank and Loss [9] (see also Mancini and Sandeep |21J) established that 
c i,6 = S3 = 3(7r/2) 4 / 3 ! Maz'ya and Shaposhnikova [23] have recently computed the best constant 
in the case k = 1 and Q = 2 ^?—i ■ These are the only cases where the best constant c/^q is known. 
For other type of Hardy-Sobolev inequalities see [T6 | [T71 [24] . 

In case k = n, that is, when distance is taken from the origin, inequality (|1.2p fails. Brezis 
and Vazquez [11] considered a bounded domain containing the origin and improved the Hardy 
inequality by adding a subcritical Sobolev term. It turns out that in a bounded domain one can 
have the critical Sobolev exponent at the expense however of adding a logarithmic weight. More 
specifically let 

X(t) = (1 -hit) -1 , 0<t<l. 

Then the analogue of (jl.2p in the case of a bounded domain 0, containing the origin, for the critical 
exponent reads: 

J \Vu\ 2 dx - (^y^) J r^dx > C n {p) (J X^ 1 (^j \u\&dx\ , u £ C °°(ft), 

(1.3) 

where D = sup^Q cf [18] . The best constant in (jl.3p was recently computed in [3] and is given 

by 

2(n-l) 

C n (0) = (n-2) —S n . 

It is worth noticing that in the case n = 3 once again one has 6*3(0) = S3 = 3(7r/2) 4 / 3 ! 

In a recent work [19] we studied Hardy-Sobolev-Maz'ya inequalities that involve distances 
taken from different codimension subspaces of the boundary. In particular, working in the upper 
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half space R+ = {x G R n : xi > 0} and taking distances from Sk C cM+ = 5i, k = 1, 2, . . . , n, we 
have established that the following inequality holds true for any u £ C^(WL) 

f \Vu\ 2 dx>[ & W (1.4) 

if and only if there exist nonpositive constants oti,..., a n , such that 

/ 9 1 = -af + |, /3 m = -q^ + r« m -i - , m = 2,3, (1.5) 

Moreover if a ra < one can add in the right hand side the critical Sobolev term, thus obtaining 
the Hardy-Sobolev-Maz'ya inequality valid for any u E Cq°(M!J.) 



\y u \ 2 dx> I [^ + ^- + ... + ^)^dx + C[ I \u\&dx\ ; (1.6) 



Pi , Jh_ Jn 
» Wl | X 2 | 2 l X r 

we refer to |19j for the detailed statements. 

In the present work we consider the case where distances are again taken from different codi- 
mension subspaces Sf. C M n , which however are now placed in the interior of the domain M n . We 
consider the cases k = 3, ... ,n since there is no positive Hardy constant in case k = 2 (cf (jl.ip ) 
and the case k = 1 corresponds to the case studied in [19] . 

More precisely our first result reads 

Theorem A (Improved Hardy inequality) 

Suppose n > 3. 

i) Let 03, 04, . . . , a n be arbitrary real numbers and 

2 1 2 / 1\ 2 

P3 = ~a 3 + -, (3 m = -a m + I a m _i - - I , m = 4, ...,n. 
Then for any u G C£°(R n ) i/iere holds 

\Vu\ 2 dx > f (-&+... + Jdx. 

Jr™ Vl x 3r l x nr/ 

ii) Suppose that for some real numbers (3<± . . . ,/3 n the following inequality holds 

\Vu\ 2 dx > f P») u 2 dx, 

Vl x 3r l X n|V 

for any u £ Co°(M n ). Then, there exists nonpositive constants a 3 , . . . ,a n , such that 

2 1 2 ( A 2 

l33 = -a 3 + -, m = -a m + I a m -i - 2 J > m = 4, ...,n. 

We note that the recursive formula for the /3's in the above Theorem, is the same as in (|1.5p . 
However, since the coefficients in the above Theorem start from f3 3 - and not from the best 
constants in the case of interior singularities are different from the best constants when singularities 
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of the same codimension are placed on the boundary. See for instance Corollary 12,31 and compare 
with Corollary 2.4 of p2]. 

To state our next results we define 

/?3 = -a| + ~, Pm = -«i + - ^ , m = 4,...,n. (1.7) 

Our next theorem gives a complete answer as to when we can add a Sobolev term. 
Theorem B (Improved Hardy Sobolev Maz'ya inequality) 

Let as, «4, . . . , a n , n > 3, be arbitrary nonpositive real numbers and (3%, . . . , (3 n are given by \1. 7\ ). 
Then, if a n < there exists a positive constant C such that for any u G C^°(IR n ) there holds 

2_ 

[ \Vu\ 2 dx> [ (fc+...+ P?-)u 2 dx + c([ \X 2 \^-Q\u\^dx) Q , (1.8) 

JU n JR" \|-^3| |-X-n| / \Ju n J 

for any2<Q<^. 

If a n = then there is no positive constant C such that il.8\) holds. 

The above result extends considerably the original inequality by Maz'ya (|1.2p . First by having at 
the same time, all possible combinations of Hardy potentials involving the distances IX3I, . . . , X n |. 
In addition the weight in the Sobolev term is stronger than the weight used in (|1.2|) . 

We note that a similar result can be produced in the setting of |ljJ] where singularities are placed 
on the boundary (M™. More precisely the following inequality holds true for any u G C^°(IR™) 

2_ 

I \Vu\ 2 dx> I + +^-]u 2 dx + c(l x^ n - Q \u\^dx\\ (1.9) 

JM™ JR™ V^l 1-^2 1 l-X-nl / yjR™ J 

provided that a n < 0, where the constants are given by CE3]) and 2 < Q < In this case 

the weight in the right hand side is even stronger than the one in (|1.8p . In the light of (|1.9|) one 
may ask whether one can replace the weight IX2I in (|1.8p by \xi\. It turns out that this is possible 
provided we properly restrict the exponent Q. More precisely we have: 

Theorem C (Improved Hardy Sobolev Maz'ya inequality) 

Let «3, 0:4, . . . , a n , n > 3, be arbitrary nonpositive real numbers and . . . , (3 n are given by \1. 7| ), 
Then, if a n < there exists a positive constant C such that for any u € Cg°(M n ) there holds 

_2_ 

f \Vu\ 2 dx> [ (&+...+ P») u *dx + c( f \ Xl \ ^-^dxY , (1.10) 

r 2(n-l) . ^ ^ 2n 

for any A_i < Q < _ 

If a n = then there is no positive constant C such that il.lO\) holds. 

It is easily seen that the range of the exponent Q in Theorem C is optimal since otherwise the 
weight is not locally integrable. In the special case = . . . (3 n = 0, the corresponding weighted 
Sobolev inequality in (jl.lOp was proved by Maz'ya, cf [22] section 2.1.6/2. 

An important role in our analysis is played by two weighted Sobolev inequalities, which are of 
independent interest; see Theorems 13.11 and 13.21 
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The paper is organized as follows. In section 2 we give the proof of Theorem A. In section 3 we 
give the proofs of Theorems B and C. The main ideas are similar to the ones used in [19J to which 
we refer on various occasions. On the other hand ideas or technical estimates that are different 
from [19] are presented in detail. 



Acknowledgments JT is thanking the Departments of Mathematics and Applied Mathematics 
of University of Crete for the invitation as well as the warm hospitality. 

2 Improved Hardy inequalities with multiple singularities 

The following simple lemma may be found in |19| . 
Lemma 2.1. (i) Let F e C 1 (Q) , then 

[ \Vu\ 2 dx = [ (divF- |F| 2 ) \u\ 2 dx + [ \Vu + Fu\ 2 dx, Vu G C^°(Q). (2.1) 
Jn Jn Jn 

(ii) Let 4> > 0, 4> G C 2 (Q) and u = 4>v, then we have 

[ \Vu\ 2 dx = - [ ^-u 2 dx+ [ 4> 2 \Vv\ 2 dx, Vu G C °°(O). (2.2) 
Jn Jn <P Jn 

Proof. By expanding the square we have 

|Vu + Fu\ 2 dx = i \Vu\ 2 dx+ I |F|V<ix+ / F • Vu 2 dx. 



Identity (|2.1|) now follows by integrating by parts the last term. 

To prove (|2.2|) we apply (|2.1|) to F = — Elementary calculations now yield the result. 

□ 

Let us recall our notation 

Xk := (xi, . . . , Xk, 0, . . . , 0) so that [Xk | 2 = x\ + . . . + x\] 
in particular |X n | = \x\. We now give the proof of the first part of Theorem A: 

Proof of Theorem A part (i): Let 73, 74, . . ., 7 n be arbitrary real numbers and put 

4>-.= |x 3 p 3 |x 4 r 72 IXJ-T", 



and 



An easy calculation shows that 



With this choice of F, we get 



X 

m=3 



X m 

m Tv 12' 



, „ A (m-2) 

divF = Ira 



m=3 
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and 

n 2 n m ~ 1 v « . n 2 n m—1 

i F i 2 = £^ + 2 ££^jlh^ = Ej3h2+ 2 E£j!:''' 

m =3 l ^ m| m=3 j=l ^ m| |JV J! m=3 1 m| m=3 j=l ' Al 



We then get that 

~ ~r - divF ~ l F l 2 = £ nT^' < 2 ' 3 > 



where 



/% = -73(73 - 1), 



771—1 



We next set 



Pm = -7m(2-m + 7 m + 2^7 i ), m = 4,5, 

j=3 



1 

73 = «3 + ^> 

7m = a m -am-i + ^, m = 4,5, ... ,n. 



, n. 



With this choice of 7's the /3's are given as in the statement of the Theorem. 

We will use Lemma I2TT1 with Q = M n \ K3, where K3 := {x £ M n : x\ = X2 = X3 = 0}. We have 

/ \Vu\ 2 dx> [ (divF - |F| 2 ) u 2 dx, ueC^(M n \K 3 ). (2.4) 

By a standard density argument (|2.4p is true even for -u £ C^°(lR n ). The result then follows from 
(|23D and (I2^|) . 

□ 

Some interesting cases are presented in the following corollary. 
Corollary 2.2. Let k=3,. . . ,n, n > 3, and u G C£°(]R n ). Then 

L >- 1 ((¥) W + w - + i P^) " 2& - (2 - 5) 



/c-2\ 2 /" u 2 , fn-k\ 2 f u 2 



^ 2d ^{—)L^ + {—)Lw dx - M 

Proof. We first prove (|2.5|) . In the case k = 3 we choose 03 = 04 = . . . = a n = 0. In this case all 
PkS are equal to 1/4. In the general case k > 3 we choose a m = — (m — 2)/2, when m = 3, . . . , k — 1 
and a m = 0, when m = k, . . . ,n. 

To prove (|2.5|) we choose a m = — (m — 2)/2 when m = 3, . . . , k — 1, = 0, ajfc+j = — |, 
/ = 1, n — — 1, a n = 0. □ 

We next give the proof of the second part of Theorem A: 
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Proof of Theorem A, part (ii): We will first prove that 03 < |, therefore 03 = — a 2 + |, for suitable 
"3 < 0. Then, for this 03, we will prove that /?4 < (03 — ^) 2 , and therefore 04 = —a\ + (03 — 
for suitable 014 < and so on. 

Step 1. Let us first prove the estimate for 03. To this end we set 

: = 7 — u 2 • 

We clearly have that 03 < inf u &cg°(R n ) QsbA- I n the sequel we will show that 

inf Q 3 \u\ < -, (2.8) 

whence, 03 < \. 

At this point we introduce a family of cutoff functions for later use. For j = 3, . . . , n and kj > 

we set 



{ 0, t<^ 



Jfc? 
4i 



and 

Note that 



h k .{x) : = 4>j{rj) where rj := |Xj| = (x 2 + . . . + x 2 ) a . 



otherwise 



We also denote by (f>(x) a radially symmetric C^°(M n ) function such that 0=1 for |x| < 1/2 and 
= for |x| > 1. 

To prove (|2.8p we consider the family of functions 

u fc3 (x) = \X 3 \-2h k3 (x)<f)(x). (2.9) 

We will show that as k 3 — > 00 

2 n "fc 

°l\ - 14? ^ V ' / 



To see this, let us first examine the behavior of the denominator. For ^3 large we easily compute 
/ \X 3 \~ 3 hl 3 (j) 2 dx > C (x 2 1 +xl + xl)-^dx 1 dx 2 dx 3 (2.11) 



fc 3 <^?+^2+ x 3 < 2 

> C f [' r- 1 shxOdrde 
Jo • 



J± 

k 3 



On the other hand by Lebesgue dominated theorem the terms YH=a Pi J*m« 1 a x ^2 m ^\ ^ x are 

+ \X^+x 2 +---+x i j 

easily seen to be bounded as k$ — ► 00. From this we conclude (|2.10j) . 
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We now estimate the gradient term in (|2,10p . 
/ \Vu ks \ 2 dx = \ I \X 3 \~ 3 h 2 k3 (f) 2 dx+ I \X 3 \~ 1 \Vh k3 \ 2 (j) 2 + [ [X 3 | _1 /i^ \V(f)\ 2 +mixed terms. 

JR n ' 4 Jr™ " jR n JR n 

(2.12) 

The first integral of the right hand side behaves exactly as the denominator, that is, it goes to 
infinity like 0(lnk 3 ). The last integral is easily seen to be bounded as k 3 — ► oo. For the middle 
integral we have 



/ 



C f C 
|X 3 | _1 |V/i fc3 | 2 (/) 2 < —2 — / \~X 3 \~ 3 dx 1 dx 2 dx 3 < 



In 2 k 3 7_^< (:c 2 +:r 2 +x 2 ) i/2<_L Ink, 



As a consequence of these estimates, we easily get that the mixed terms in (|2.12p are of the order 
o(lnk 3 ) as k 3 — > oo. Hence, we have that as ki — > oo, 

/ \Vu ka \ 2 dx = ] I \X 3 \~ 3 hl 3 <l) 2 dx + o(lnk 3 ). (2.13) 

JR n 4 7 R n 

Prom (|2.10[) - (j2.13j) we conclude that as k 3 — > 00 



Q3[Uk 3 ] = ~ +o(l) 



hence inf ue Q°o Q 3 [u] < \ and consequently (3 3 < \. Therefore for a suitable nonnegative 

2,1 

3 + 4- 



constant a 3 we have that (3 3 = —a\ + 4. We also set 



73 := « 3 + 2" ( 2 - 14 ) 



Step 2. We will next show that /?4 < (03 — 5) • To this end, setting 

Q4M := J , (2-15) 

JR" |Xlp da; 



will prove that 



inf QAu] < (a 3 - -f ■ 



We now consider the family of functions 

u k3 ,k 4 (x) := \X 3 \" y3 \X 4 \ a3 ~2h k3 (x)h k4 (x)(t)(x) 

= : \X 3 \~^v kuk2 (x). (2.16) 

An a easy calculation shows that 

J ffi n|X 3 |- 2 ^|V^3 )fc4 | 2 da;-E? = 5A/ M n iXsl-^lXr 2 ^^^ 

J M n|X 3 | 2 ^|X 4 | 2 V 2 3M dx 

We next use the precise form of v kltk2 (x). Concerning the denominator of Qi[u k3tk ^\ we have that 



-22 



|X 3 | 273 |X 4 | -v- kzM 



dx= I (xl + xl + xly^-^ixl + xl + xl+x^-^hlhl^dx. 

JR™ 
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Sending k 3 to infinity, using the structure of the cutoff functions and then introducing polar coor- 
dinates we get 

/ |X 3 r 2 ^|X 4 r 2 < fc4 dx= / (xl + xl + xly^-^^l + xl + xl + xl^-lhl^dx, 
> C f (xl + xl + xl^/^^xl+xl + xl + xl^-idx^dxzdxi 

^ kl <X l +X 2 JrX % JrX 1 < 2 



1 

2 -1 



> C J i r~ l dr 

> Clnk 4 . 



The terms in the numerator that are multiplied by the Pi's stay bounded as k 3 or k& go to 
infinity. 

f \X 3 \- 2 ^\Vv k3M \ 2 dx = (a 3 -l) f \X s \- 2 ^\X 4 \ 2a *- 3 h 2 k3 h 2 k J 2 dx 

+ I |X 3 r 2 ^|X4| 2Q3 - 1 |V(/ lfc3 / lfc4 )| 2 2 (2.18) 

JM. n 

+ / ix3r^ix 4 | 2 ^-i/ l | 3 ^ 4 | V 0i 2 

+ mixed terms. 

The first integral in the right hand side above, is the same as the denominator of Q4, and therefore 
is finite as k 3 — > 00 and increases like lnA;4 as fc 4 — > 00, cf (|2.1ip . The last integral is bounded, no 
matter how big the k 3 and fc 4 are. Concerning the middle term we have 

M[v k3M ) := / |X3|~ 273 |X 4 | 2a 3-i|V(/ lfc3 / lfc4 )| 2 </» 2 dx 

= / |x 3 |- 273 |X4| 2a3 - 1 |v/ lfc3 | 2 / i 2 4 2 ( ix+ f |x 3 r 273 |x 4 | 2Q3 - 1 ^ 3 |v% 4 | 2 ^x 

+ mixed term 

= : I1+I2 + mixed term. (2.19) 

Since 

|X 4 | 2Q3 ~ 1 /i| 4 = r 4 2a3 -V 4 (r 4 ) < C k4 , < r 4 < 1, 

we easily get 

C f 3 
h < n ; ,0 / {x\ +x\ + xl)~ a3 ~2dxidx 2 dx 3 , 

Qn k 3 y y_| <(:r 2 +;c 2 +:c 2 ) i/2 < _L 

and therefore, since a 3 < 0, 

Ii < t^-, fc 3 -> 00. (2.20) 

In k 3 

Also, since 

|X 3 r 273 ^ 3 = rj^Mrs) < C k3 , < r 3 < 1, 
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we similarly get (for any h, 



3, 



h < 7; — tt? / ( x i + x 2 + x 1 + x\)~^dxidx2dx^dxi (2.21) 

(In fc 4( P y_^ <(a .2 +a ,2 +a .2 +a ,2 ) l/2 < ^L 

C 

< — — , k 4 -> oo. (2.22) 

In K4 

From (|2.19|) - (|2.2ip we have that as £4 — ► 00, 

M[ Uo0jjfc J = o(l). 
Returning to (|2.18p we have that as k 4 — > 00, 

/ |X 3 r 27a |V^ 00 . fc4 | 2 dx= f« 3 -^ / |X 3 r 273 |X 4 r 2 < fc4 dx + (lnA:4). (2.23) 
We then have that as k 4 — ► 00, 

Q4[Uoo,k 4 ] = («3 ~\) + ( 2 - 24 ) 

consequently, j3 4 < (03 — |) 2 , and therefore /3 4 = —a\ + (03 — ^) 2 for suitable 04 < 0. We also set 

1 

74 = a 4 - a 3 + -. 

Step 3. The general case. At the (q — l)th step, 3 < q < n, we have already established that 

/% = -« 2 + 4> 



/3 m = -a 2 m + ^a m _i - , m = 4, 5, a., 

for suitable nonpositive constants ai. Also, we have defined 

1 

73 = a 3 + -, 

Im, = a m -a m -i + ^, m = 4, 5, . . . ,q - 1. 

Our goal for the rest of the proof is to show that j3 q < (a q -i — ^) 2 . To this end we consider the 
quotient 

„ r , Jr™ I Vii| 2 (ix - Sg=^i=3 A Jr» pb 1 ^ 

Q?M : = 7 ^2— ■ (2-25) 

JR« lX^p dx 

The test function is now given by 

u k , Mkq {x) := |X3r^|X 4 rT 4 ...|X q _ 1 r>- 1 |X q |^-^U fc4 (x)/ lfcg (x)^(x) 

= : \X 3 \-^\X 4 \^...\X^ 1 \-^v kq (x). (2.26) 

The proof is analogous to the case q = 4 and goes along the lines of [19j . □ 

The following corollary is a direct consequence of the above theorem and shows that the constants 
obtained in Corollary 12.21 are sharp. 
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Corollary 2.3. For 3 < k < n, 



v ' Jr™ |x^p 



f |V7/l 2 r/r - f l"l , ,-fr 1 f l"l „ ,-f T -If N „ J r n 
. . Jr™ i v u| ux v 2 / Jr™ rxrp UJ - 4 Jr™ |x k+1 p UJ ' • • • 4 Jr™ x m 2 1 „„s 
inf 1 = - (2.28) 

Jr™ pSrp^ 4 

/or k < m < n. And 

J Rn \Vu\ 2 dx-(^) 2 J Rn] ^dx ( n -k\ 2 , . 

mf ^ = . (2.29) 

Proof. All are consequences of Theorem A. For (|2.27|) we take ai = I = l,...,k— 1. 

For and (ET29D we take the a's of Corollary E2J 

□ 

3 Hardy-Sobolev-Maz'ya inequalities 

We first establish the following result that will be used for Theorem B. 

Theorem 3.1. (weighted Sobolev inequality) Let 02, 03, ... ,o~ n be real numbers, with n>2. 
We set ci := <7 2 + • • • + 07 + I — 1, for 2 < I < n. We assume that 

ci > whenever 07 7^ 0, 

/or / = 2, . . . , n. Then, there exists a positive constant C such that for any w € Cg°(R n ) there holds 



iXap.-.lXnl^lVHdx^C / |X 2 | |X 3 r 3 ...|X n Mu;|) J , (3-1) 

JR™ \JR™ \ 

where 

q — 1 n 
b = o~i — 1 H 71 anc? 1 < q < 



n — 1 
Proof: For 

1 < g < n/(n — 1) and 6 = o~2 — 1 + n, 

we easily obtain the following L 1 interpolation inequality 

IIIX2NL < ci|||X 2 r 2 7j||^ +c 2 |||X 2 r 2 - 1 7;|| 1 . 

n — 1 

Using the inequality 

/ divF|t;|cfe < / [F||Vt>|dx, (3.2) 

jr™ Jr™ 

with the vector field F = |X 2 | CT2_1 X 2 one obtains 



|<7 2 + 1| / IXal^^lwlds < / |X 2 HVu|dx. 

JR™ JR™ 
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Here we have to restrict ourselves to 02 + 1 > to ensure that |X2 | CT2 1 € L^ oc (R n ). Also, by 
combining this inequality with the standard L 1 Sobolev inequality we get 

ll|x 2 r 2 Hi^ < |||x 2 r 2 |vw|||i. 

n — 1 

Hence we arrive at 1/ . 

(/ (\X 2 \ b \v\) q dx) <c I |X 2 | CT2 |Vt;|dx. 

Now let v = |X 3 |°" 3 i(; in the above inequality This gives 

|||X 2 | 6 |X 3 | CT3 |u;|||g < c f |X 2 | CT2 |X 3 [ CT3 [Vu;[cfa;+ \a 3 \c [ |X 2 | CT2 |X 3 | ff3 "Vl^- 

JR™ JS. n 

Letting F = |X 2 r 2 |X 3 | CT3 - 1 X 3 in (ESD, we get 

\a 2 + (J 3 + 2\ [ |X 2 | CT2 |X 3 r 3 "Vl^ < / |X 2 | CT2 |X 3 r 3 [VHcZx. (3-3) 

JR™ JR™ 

Here we have to assume 02 + 0-3 + 2 > to guarantee that |X 2 [°" 2 [X^"" 3-1 6 L^ oc (R n ). The two 
previous estimates give us 



iX^lXaHHIl, < c / |X 2 | CT2 |X 3 | CT3 |V«;|c?x. 



If we would have 03 = 0, we have our result immediately and we do not have to check whether the 
constant <7 2 + 03 + 2 is positive or not. We may repeat this procedure iteratively. In the Z-th step 
we use the vector field 

F = |X 2 | CT2 [X 3 | ,J3 ... [X^^X,, 



in (CO) to get : 



|X 2 |' T2 |X 3 | CT3 ...|Xi| <T ^ 1 w||i < f |X 2 | CT2 |X 3 | CT3 ...|XiHVw|(fx. 

JR™ 



As before, we note that we do not need this inequality in the case 07 = and if 07 7^ we have to 
assume q = ct 2 + . . . + 07 + I — 1 > to ensure the integrability of the integrand on the left hand 
side. From this it then analogously follows that 



c|||X 2 |°|X 3 | CT3 ... \Xi\ ai w\\ q < / |X 2 | CT2 |X 3 | CT3 ...|Xi| CTi |Vu;|dx, 

which is (|3.ip . 

□ 

For the proof of Theorem C we will use the following variant of Theorem 13.11 

Theorem 3.2. ^Weighted Sobolev inequality^ Let 01,02, ... ,cr n be real numbers, with n>2. 
We set Q := o"i + . . . + 07 + / — 1, for 1 < I < n. We assume that 

~c\ > whenever ff; 7^ 0, 
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for I = 1,2, ... ,n. Then, there exists a positive constant C such that for any w € C^°(M n ) there 
holds 



i 

IxiHXap ... \X n \ an \Vw\dx > C ( / ( |xi| 6 [X 2 |' 72 . . . |X n | ff »|u;|)*d2r) * , (3.4) 

where 

q — 1 n 
b = o~\ — 1 H n and 1 < q < 



q n — 1 

Proof: Let 

q-1 

1 < q < n (n — 1) and 6 = o~\ — H n. 

q 

We first consider the case o~\ > 0. We will use the following L 1 interpolation inequality 

\\\xi\ b v\\ q < ClHIXiMI » +P2|||xir" 1 «||l. 

■* n — 1 

Working similarly as in the proof of Theorem D we end up with 

|6| 



(\ Xl \ b \v\) q dx) <c \ Xl \ ai \Vv\dx. (3.5) 

In case a% = 0, inequality f)3.5j) is still valid, see [22], Section 2.1.6/1. 

The rest of the proof goes as in Theorem D. That is, we apply (|3.5p to v = |X 2 |°" 3 u! to get 



|||xi| 6 |X 2 Hu;|||q < c f |a; 1 | <T1 |X 2 | CT2 |Vu;|dx+ \a 2 \c [ \ Xl \ ai \X. 2 \ <ra - 1 \w\dx. 

Jr™ jr™ 

Letting F = [X 2 r 2_1 X 2 in ([32]), we get 

ki + 0- 2 + l| / la;! P |X a | oa-1 |w|da: < / |x!| CT1 |X 2 | CT2 |Vw|cZ:e. (3.6) 
The condition q = o\ + <7 2 + 1 > guarantees that |xi| <Jl |X 2 | cr2_1 G L i 1 oc (M n ) and leads to 

|||xi| 6 |X 2 HH|| g < c / IziHXaHViuldx. 

JR™ 

We omit further details. 

□ 

We are now ready to give the proof of Theorem B: 
Proof of Theorem B: As a first step we will establish that for any v € C^ D (M n ): 

2_ 

f „ 2QB 4g 3 4a„ //" 2QB 2Qo£ 2Qq- n \Q 

/ |X 2 r CT2 "«+5|X 3 |Q+2 ...|X n |«+^|Vv| 2 (i2; > C / |X 2 |«+5|X 3 | «+ 2 ...|X„| \v\ Q dx ) , 

(3.7) 

provided that c; := cr 2 + . . . + 07 + (Z — 1) > 0, if 07 7^ 0, 2 < I < n where 

Q-2 , 2ra 

B = cr 2 - 1 + — n and 2<Q < 



2Q ^ ~ n- 2 
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To show ()3.7p we apply Theorem l3,ll to the function w = \v\ s , with s = jj-^, sq = Q and b = B. 
Trivial estimates give 

c( [ |X 2 |^|X 3 r 39 ...|X n r" 9 M s ^ /Q <s [ IX2HX3P ' ••• ' IXol^^l'^lVulds. 



We apply Cauchy- Schwartz to the right hand side and the result follows. 

We will use t^TB) with a 2 = \{{Q - 2)n - 2Q), so that 2<r 2 - |§§ = 0. We notice that the 
requirement 

c 2 = (T 2 + 1 = -(Q - 2)(n - 2) > 0, 

is equivalent to Q > 2 and therefore is satisfied. 

To continue we will use Lemma [2. 11 We recall that for <j) > and u = <pv with v £ C^°(M ra \ S2), 
we have that 

/ |Vu| 2 cfe+ / ^|u| 2 dx= / </> 2 |Vt;| 2 dx. (3.8) 

JR™ JR™ JR™ 

We will choose for </>, 

, , , 2 °"3 . , 2a 4 g£a 

0(x) = |X 3 |Q+ 2 |X 4 |<3+ 2 . . . |X n |<3+ 2 

= |x 3 r 73 ix 4 r 74 • ... • ix n |-T", (3.9) 



where, 



Therefore 



1 

73 = "3+2' 

1 

1m = a m -a m -i + -, m = 3, ...,n. 



Q + 2 

°m = n — 7m, m = 3, ...,n. 



We now apply (|3.7p to obtain that 



6 2 |Vv[ 2 dx > C ( / |X 2 | S ^ n_Q |<^| Q ds ) " , (3.10) 



provided that for 3 < / < n, 

c-l '■= &2 + • • • + &i + I — 1 > 0, whenever o\ 7^ 0. (3-11) 
Combining (|3.10p with (|3.8p we get 

2. 

\Vu\ 2 dx+ [ ^\u\ 2 dx>c(l |X 2 |^«|n|^ Q 

JR™ 



On the other hand, by Theorem A(i) 



/% + A. 



ix 3 p '•• |X n | 2 ' 



and the desired inequality follows. 
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It remains to check condition (|3.1ip . For I = 2 we have already checked it. For 3 < / < n, after 
some calculations we find that 

Q = o"2 + • • • + 07 + I — 1 

= I(Q-2)(n-2)-^p( 73 + ... + 7*)+J-l 
Q + 2( (Q-2)(n-l) 

-Oil + 



2(Q + 2) 

Recalling that a; < 0, we conclude that if / < n — 1 then q > 0, whereas if I = n, then c n > if 
and only if a n < 0. This proves (|1.8j) for u £ C^°(IR n \ S2) and by a density argument the result 
holds for any u G C£°(M n ) 

In the rest of the proof we will show that (|1.8p fails in case a n = 0. To this end we will establish 
that 

. . Ja« \^ U \ dx — /?3 J* Rn Tx^dx - ■ ■ ■ - Pn J R n W^Tldx 

mi ! — ! 5 ■ — ■ = 0, (3.12) 

where f3 n = (a ra -i — \) 2 ■ Let 

u{x) = |X 3 T 73 . . . |X„_i I ?;(£)• 

A straightforward calculation, quite similar to the one leading to (|2.17p . shows that the infimum 
in (|3.12p is the same as the following infimum 

. nf jgn UU |Xj \-** \Vvfdx - (3 n J RB UU l X J I' 27J iXn|- 2 ^ 2 ^ ^ (3i3) 



(/ R - (|x 2 |^ n - 1 n-=3 1 |Xj|-^) Q M«cfc) 



We now choose the following test functions 

^ 3 , e = |X n r 7 " +£ /i fc3 (x)0(x), e>0, (3.14) 

where hk 3 (x) and </>(x) are the same test functions as in the first step of the proof of Theorem A(ii). 
For this choice, after straightforward calculations, quite similar to the ones used in the proof of 
Theorem A(ii), we obtain the following estimate for the numerator N in (|3,13p , 

N[ Voo , £ ] = (a,,-!-^] 2 -^!-^ )/ ni X jr 2 '* i |Xn|- 2 "" +2 - : Vr(.rk/.r + : .(l!. 



n— 1 



2 Kfl iXii " i|x " r2T " 

Ce [ r~ l+2e sm6 2 jT^sin^) 1 - 2 "^ 2 ^)^! . . . d6 n ^dr + O e (l) 

7=3 

= Ce [ r~ 1+£ dr + O e (l). 
Jo 

In the above calculations we have taken the limit k% — > 00 and we have used polar coordinates in 
(xi, . . . , x n ) — > ... , 6 n ~i,r). We then conclude that 

A[woo i£ ] < C, as e -» 0. (3.15) 
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Similar calculations for the denominator D in (|3.13p reveal that 

/ , n-l _ \% 

D[ Voo , E ] = C / r~ 1+£Q ]J(sm6 j ) j - n - 1+Q ^- a ^<l) Q d6i...d6 n - 1 dr 

\ J M. n - o 



i=2 

> C [ I ' r- 1+eQ dr 



2 



= Ce'i. 

We then have that 

as e — > 0, 



■O[«oo,e] 

and therefore the infimum in (|3.13|) or (|3,12p is equal to zero. This completes the proof of the 
Theorem. 

□ 

Here is a consequence of Theorem B. 

Corollary 3.3. Let 3 < k < n and 2 < Q < . Then, for any j3 n < \, there exists a positive 
constant C such that for all u G C^°(IR n ) there holds 

+ ('[I IXnl^-Q \ U \ Q dx 



If Pn = z the previous inequality fails. 

^2 



In case k = n we have that for any f3 n < ^—p—, there exists a positive constant C such that for 



4 

oCwsn\ 

y 



f \Vu\ 2 dx>f3 n [ -^dx + cff \K. 2 f^ n -^\u\^dx\ 



2 



The above inequality fails for (5 n 



(n-2) 2 



Proof. In Theorem B we make the following choices: In the case k = 3 we choose 03 = = . . . = 
Q n _i = 0. In this case /3k = 1/4, k = 1, . . . , n — 1. The condition a n < is equivalent to (3 n < \. 

In the case 3 < k < n — lwe choose a m = —m/2, when m = 1, 2, . . . , k — 1 and a m = 0, when 
m = k, . . . , n — 1. Finally, in case k = n, we choose a m = — (m — 2) /2, for m = 3, 4, . . . , n — 1. 

□ 

We finally give the proof of Theorem C: 
Proof of Theorem C: We first prove that the following inequality holds for any v € C^°(lR n ): 



2 

|xi[ z,7l ~«+2 [X2I3+ 5 . . . \X D \Q+*\Vv\ z dx > C [ I |xi|«+2 1X2!"^ ... \X n \~$+? \v\ Q dx 



„_ 2QB 4<t 2 4a„ ( f 2QB 2Qa 2 2Qa n \ Q 

zcr l 77X9 I "V _ I 77X9 IV 177X9 |V7„.I^," " '— " : 



(3.16) 
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provided that c\ := o\ + . . . + 07 + (I — 1) > 0, if 07 7^ 0, 1 < I < n where 

Q-2 2(n - 1) 2n 
B = 01 - 1 + — n and - <Q< 



2Q n-2 ^ ~ n-2 

To show ()3.16p we apply Theorem 13.21 to the function w = \v\ s , with s = sq = Q and 

b = B, and then use Cauchy- Schwartz inequality. 

We will use (ETTBD with <j x = \((Q - 2)n - 2Q) and a 2 = 0. In this case 2cn - g§ = 0. The 
choice of (ft stays the same as in the proof of Theorem B. Eventually, we arrive at 



\xi\ 2 ^\u\^dx 



provided that the q 's satisfy our assumptions of Theorem 13.21 However it turns out that 

a = —ai H -— r , 1 < t < n, 

' 2 V 2(Q + 2) J' ~ ~ ' 

and our assumptions are satisfied in case a n < 0. 

In remains to prove that (jl.lOp fails in case a n = 0. To this end we will establish that 



mi 1 — ! 5 ! — ! = 0, (3.17) 

|xi| 2 " ^|n[ y ax 



where (3 n = (a n -i — \) 2 ■ The test functions used in the proof of Theorem B can also be used here 
since they belong in the proper function space. The result follows by observing that the weight 
here is stronger than in Theorem B. 

□ 

An easy consequence of the above Theorem is the following: 

Corollary 3.4. Let 3 < k < n and 2 ^_^ < Q < ^rg- Then, for any (3 n < \, there exists a 
positive constant C such that for all u G C^iW 1 ) there holds 

|Vu|2 ^ - 1 ^^) 2 ^ + I^ + --- + I^7F + ^ |n|2 ^ 

If fin = \ the previous inequality fails. 

in— 2)2 

In case k = n we have that for any f3 n < - — a- 2 —, there exists a positive constant C such that for 
all u G C$°{R n ) there holds 

\Vu\ 2 dx>f3 n l -^dx + cff Ixil^^lnpdx 

./lR« \X\ \./in 



The above inequality fails for f3 n 



(n-2) 2 
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